This paper deals with optimal investment and redistribution of the free reserves connected to life and pension insurance contracts in form of dividends and bonus. Formulated appropriately this problem can be viewed as a modification of Merton's problem of optimal consumption and investment with a very particular form of consumption and utility hereof. Both are linked to a finite state Markov chain. We distinguish between utility optimization of dividends, where an (almost) explicit result is obtained, and utility optimization of bonus payments. The latter connects to the financial notion of durable goods and allows for an explicit solution only in very special cases.
Introduction
Life insurance companies often hold so-called free reserves. These are the part of the total reserves which are not set aside for guaranteed payments. As reserves for guaranteed payments we have the so-called market reserve in our mind, see Steffensen (2000b) . Whereas the free reserves belong to the policy holders as does the market reserve for guaranteed payments, the insurance company decides how to invest and when to pay out these free reserves within some legislative constraints. In this paper we approach this decision problem with tools from stochastic control theory and ideas from classical optimal investment-consumption problems in finance.
The life insurance policies that we primarily have in mind, are so-called participating policies. Here, a set of guaranteed payments are agreed upon at the issuance of the policy. The guaranteed payments are set under prudent assumptions on capital gains, mortality etc. and therefore give rise to a surplus which is activated at the time of issuance if the guaranteed payments are reserved for under a market basis. Hereafter it is up to the insurance company to invest and redistribute this surplus in form of dividends and bonus payments to the policy holders. See Norberg (1999) and Steffensen (2000a) for a detailed study of the notions of surplus, dividends and bonus. In this paper, the free reserve is the surplus activated at the issuance of the policy with addition of any capital gains and subtraction of any payments paid out during the term of the policy. Most of the ideas in the paper apply to pension funding as well as participating insurance. In fact, pension funding can be considered as participating insurance with participation in the down-side as well as the up-side. The precise content of this statement is given in Steffensen (2001) .
Stochastic control theory has played a role in pension funding in many years, see Cairns (2000) and Steffensen (2001) and references therein. The basic idea is to use an optimization criterion that rewards stability of the surplus and the payments. The criterion is based on a quadratic dis-utility function that punishes the surplus for deviations from a surplus target and the payment rate for deviations from a payment rate target. Working with quadratic dis-utility one can benefit from studies on the linear regulator in the literature on control theory, see e.g. Fleming and Rishel (1975) . However, this approach has some disadvantages concerning e.g. counterintuitive investment strategies, see Cairns (2000) . Furthermore, the explicit results obtainable for pension funding where dividends and bonus payments are typically unconstrained, do not carry over to the problems of participating insurance, where dividends and bonus payments are constrained to be to the benefit of the policy holder. See Steffensen (2001) for a detailed study.
In the financial literature, the most accepted approach to optimal investment seems to be the one taken by Merton (1969 Merton ( ,1971 . The problem formulation has later been referred to as Merton's problem. This is based on optimal utility of future wealth, or, in case of introduction of consumption, utility of future consumption rates. Merton's approach has been generalized and reformulated in various directions in order to make the results more applicable to real life investment and consumption problems. A number of these generalizations are relevant for applications to the investment and redistribution problems of the insurance company. Among others, we mention Korn and Krekel (2002) , where a predefined consumption stream relates to the guaranteed payments, Korn and Kraft (2001) and Munk and Sørensen (2002) , where interest rates are allowed to be stochastic. The focus in this paper is an adaptation of Merton's problem to the special pattern of payment streams present in life insurance. Basically, Merton (1969 Merton ( ,1971 initialized these studies by considering optimal lifetime consumption.
The utility approach to optimization in life insurance dates back to Richard (1975) . He considered the decision problem of an insured choosing between investment in financial assets like bonds and stocks and investment in a life insurance contract. From the view point of the life insurance company the utility approach has been studied by Jensen and Sørensen (2001) and Hansen (2001) . The approach in Hansen (2001) is closely related to ours and he obtains for a special class of insurance products results similar to ours.
The outline of the paper is as follows. In Section 2, we describe the guaranteed payments of a life insurance contract and the financial market on which the insurance company invests the free reserves. In Section 3, we consider optimal dividends by stating the control problem and the corresponding Bellman equation. In Section 4, we give an (almost) explicit solution to the dividend optimization problem. In Section 5, we consider optimal bonus payments by stating the control problem and the corresponding Bellman equation. In Section 6, we give an explicit solution to the bonus optimization problem in a rather special infinite time horizon case.
Payments, Reserves, and the Market
We take as given a probability space (Ω, F, P ). On the probability space is defined a process Z = (Z (t)) 0≤t≤T taking values in a finite set J = {1, . . . , J} of possible states and starting in state 0 at time 0. We define the J-dimensional counting process
counting the number of jumps into state k until time t. Assume that there exist deterministic functions µ jk (t), j, k ∈ J , such that N k admits the stochastic intensity process
constitutes a martingale for k ∈ J . Then Z is a Markov process. The reader should think of Z as a policy state of a life insurance contract, see Hoem (1969) for a motivation for the setup.
One part of the payment process of an insurance contract is the guaranteed payment process B. Denoting by B (t) the accumulated guaranteed payments to the policy holder over [0, t] , the guaranteed payments are described by
where ε u (t) = I (t ≥ u) and triggers a lump sum payment at the deterministic point in time u. Positive elements of B are called benefits whereas negative elements are called premiums or contributions. The rate b Z(t) (t) is the rate of payments at time t given the policy state
is the lump sum payment at time t given that Z jumps from Z (t−) to the state k at time t, and ∆ B 0 (0) and ∆ B Z(T ) (T ) are lump sum payments at the issuance and the termination of the contract, respectively, given the states of Z at these points in time. For notational convenience we restrict lump sum payments at deterministic time points to take place at time 0 and time T , exclusively.
One construction of the process Z and the payment process B that the reader could have in mind is illustrated in Figure 1 . The model is a disability model where there are three states, 0 = "active", 1 = "disabled", 2 = "dead". For an endowment insurance with disability annuity the constant premium rate during periods of activity is given by b 0 < 0, a constant disability annuity rate during periods of disability is given by b 1 > 0, a death lump sum paid upon death is given by b 02 = b 12 > 0, and, finally, in case of survival until time T a pension lump sum ∆ B 0 (T ) = ∆ B 1 (T ) > 0 is paid out. The insurance company lays down the payment process on a so-called first order basis. The first order basis contains a constant first order interest rate r and a set of first order transition intensities µ jk , j = k. The payment process B will now be arranged in accordance with the so-called equivalence principle, i.e. such that the total expected discounted guaranteed payments including the initial lump sum payment ∆ B 0 (0) and given that the policy starts in state 0 equals zero under the first order basis. In mathematical terms, we define the statewise first order reserves by
where E denotes expectation with respect to the probability measure under which N k admits the intensity process µ
. The equivalence principle reads
We shall also need a market value of the payment process B. At the end of this section we shall introduce a constant market interest rate r. Restricting ourselves to state dependent market values we get from Steffensen (2000b) that the market value can be written on the form
where E Q denotes expectation with respect to the probability measure under which N k admits the intensity process µ Z(t−)k;Q (t) 0≤t≤T . This probability measure is chosen to reflect the market attitude to risk in Z. If the market is neutral with respect to risk in Z, the measure equals the objective measure P and µ
. See also Steffensen (2000b) for such a notion of market value. The market value of the guaranteed payment process at the time of issuance will in general be different from zero.
The insurance company sets aside a total reserve on the policy. We speak of the difference between the total reserve and the market value of guaranteed payments as the free reserves. The total reserve of the contract must equal 0 at time 0−. Thus, the free reserve at time 0− equals minus the market value of the guaranteed payments. It is required from the first order basis that this market value of guaranteed payments at time 0− is negative. This gives us a positive initial free reserve at time 0− which we denote by x 0 . Note that since x 0 is the free reserve at time 0, this does not include a possible initial payment taken from the free reserves at time 0.
The free reserves belong to the policy holder. The following sections deal with the problem of optimal investment and redistribution of the free reserves. We could, instead, have worked with the total reserves and taken into account the guaranteed payments as a part of the problem. Then the guaranteed payments could be considered as a predefined payment stream and the solution to an optimization problem of investment of the total reserves would also contain an approach to the problem of hedging optimally the guaranteed payments. However, in this paper we shall not take this starting point but concentrate on the free reserves only.
By considering only the free reserve, we indirectly assume that whatever gains and losses are connected to the guaranteed payments, these gains and losses affect the equity of the company and not the free reserve. Gains and losses occur if the insurance company can not, or can but does not for some reason want to, hedge the guaranteed payments.
Whereas the guaranteed payments are specified for the individual policy, the total free reserves on a portfolio of policies belong to the portfolio as a whole. Here, the term portfolio could cover all policies in an insurance company but could also be a set of policies with common characteristics in some sense. It could even be an individual policy. In fact, when speaking about guaranteed payments below, the reader should think of the total guaranteed payments for the portfolio of policies to which the given free reserves can be said to belong.
Strategies which eventually empty the free reserves to the portfolio of policies can be said to be fair given a concern about fairness between the portfolio holders as a group and the owners of the company. A completely different question is whether a given redistribution strategy is fair given a concern about fairness mutually between policy holders in the portfolio. It is by no means clear which fairness criterion to put up here. In fact, in the following we shall not pay any attention to the fairness mutually between policy holders.
For decision on an investment strategy for the free reserves, we specify a financial market as follows: On the probability space (Ω, F, P ) is also defined a Brownian motion W . We consider a market with two assets which are continuously traded. The market is described by the stochastic differential equation,
where, r, λ, σ > 0 are constants. This is the classical Black-Scholes market. It is possible to generalize the results below to more general financial markets, e.g. multidimensional diffusion markets.
Utility Optimization of Dividends
One way of repaying the free reserves to the policy holders is simply to pay out dividends in cash. When dividends are paid out cash one speaks of cash bonus. In this section we consider an insurance company maximizing expected utility of dividends. In case of cash bonus this approach makes sense since the policy holder actually receives these payments. In another repayment scheme, the dividends are kept within the company and traded into future bonus payments. Then utility optimization of dividends may not be the appropriate approach to take. In Section 5 we consider utility optimization of bonus. The guaranteed payment process B constitutes typically only one part of the total payment process. In case of cash bonus the insurance company adds to the guaranteed payments an additional dividend payment process depending on various conditions in the insurance market, hereunder the financial market on which payments are invested. The insurance company decides on the investment profile and on this additional payment process within any legislative constraints there may be. We formalize the dividend payment process B by
where the processes b and b k , k ∈ J , and the quantities ∆ B are decided by the insurance company. Here b is a dividend payment rate, b k is a lump sum dividend payment triggered by transition into state k, and ∆ B is a lump sum dividend paid out at a deterministic point in time. It should be emphasized that it is the processes b and b k and the quantities ∆ B that are decided by the insurance company and not the process B itself.
The free reserve is the source of dividend payments and can be considered as a wealth process from which the dividends are paid out as consumption. The investment behavior of the insurance company is modelled by a portfolio process π denoting the proportion of the free reserve invested in the asset S 1 . Restricting ourselves to self-financing portfolio-dividend processes, the free reserve process follows the stochastic differential equation
The stochastic differential equation for the free reserves can be considered as a controlled stochastic differential equation with the control being the portfolio-dividend process π, B in the sense that it is the b, b k , k ∈ J , and ∆ B which are controllable and not the payment process B itself. The insurance company is allowed to choose a portfolio-dividend process leading to a well-posed optimization problem below and a non-negative free reserve process. Such portfolio-dividend processes are said to belong to a set A. Then, given a portfoliodividend process π, B ∈ A, the controlled stochastic differential equation describing the wealth is given by
We assume that the insurance company chooses a portfolio-dividend process to maximize time-additive power utility of the policy holder in the sense of the following optimization problem:
The optimization problem above distinguishes itself from the classical Merton's problem in two important directions. Firstly, we have to take into account the particular pattern of dividend payments given in (1). We have to decide the measure of utility of a combination of dividend rates and lump sum dividends. In the formulation in (2) we simply take utility of rates and lump sums and add up to measure the total utility. Since benefit rates are rates and not payments, this seems to be a criticizable approach. However, it conforms with Merton's approach to the lifetime consumption problem. Actually, the optimization problem (2) generalizes the formulation in Merton (1969) . Furthermore, one can argue that utility of payment rates and utility of a lump sum is usually simply added up whenever the optimal utility of consumption problem is combined with utility of terminal wealth, the so-called bequest function. In our formulation the bequest function corresponds to the utility of the terminal dividend payment ∆ B (T ).
Secondly, (2) contains so-called stochastic utility since we allow the utility of dividends to depend on the state of the process Z. The idea becomes clear in the specification of the utility functions (3). We think of a situation where the policy holder states his preferences over time and events in his life history by specification of a set of weight functions a j (t), a jk (t), ∆A j (t), j = k. One can think of the weight functions as being components of an artificial payment stream given by
However, such a payment stream plays no other role than specifying a set of weight functions. The payment process A is experienced neither by the insurance company nor by the policy holder. Since the policy holder does not state directly a set of weight functions, the insurance company needs to decide on a set of weight functions. An obvious idea here would be to use the set of guaranteed payments, since these are to some extent decided by the policy holder, and this payment stream indirectly states his preferences. We suggest two different sets of weight functions based on the guaranteed payments. Firstly, assume that the policy holder demands a certain profile of benefits for a given premium payment process. This construction relates to the notion of "defined contributions". Then the benefit profile specifies a set of weight functions by defining
Secondly, assume that the policy holder demands a certain premium profile for a given benefit payment process. This construction relates to the notion of "defined benefits". Then the premium profile specifies a set of weight functions by defining
The weight functions in (3) are taken to the power of 1 − γ without loss of generality and just for notational convenience in the following. Obviously, one could add to the weight functions suggested above a time dependence like e.g. a j (t) = e We define the optimal value function V by
where E t,x,j denotes conditional expectation given that X (t) = x and Z (t) = j. We can speak of V j (t, x) as the statewise optimal value function. A fundamental differential system of equalities or inequalities in control theory is the Bellman system for the optimal value function. The Bellman system is here given as the infimum over admissible controls of partial differential equations for the optimal value function. We shall not derive the Bellman equation here but refer to Steffensen (2000b) for a derivation of partial differential equations for relevant conditional expected values. It can be realized that
where
and where subscript denotes the partial derivative. It should be emphasized that the Bellman system is actually a system of J differential equations with J terminal conditions. The Bellman system contains the terms present in the Bellman equation for Merton's problem and an additional term stemming from the process Z. The term involving R jk (t, x) corresponds to the classical risk term in the so-called Thiele's differential equation for the statewise reserves, see Steffensen (2000b) where R jk is spoken of a the risk sum corresponding to a jump from j to k.
The Bellman system plays two different roles in control theory. One role is that if the optimal value function is sufficiently smooth, then this function satisfies the Bellman system. However, usually it is very difficult to prove a priori the smoothness conditions. Instead one often works with the verification result stating that a sufficiently nice function solving the Bellman system actually coincides with the optimal value function. In fact, it is not even necessary to come up with a classical solution to the Bellman system. It is sufficient to come up with a so-called viscosity solution with relaxed requirements on differentiability which will then coincide with the optimal value function.
Explicit Results on Dividend Optimization
We shall now guess a solution to the Bellman equation based on a separation of x in the same way as in the classical case. We try the solution
This form leads to the following list of partial derivatives,
A candidate for the optimal π, B is found by solving (4) for the supremums with respect to the decision variables of π, B , i.e.
This leads to the candidates
where the notation is evident and exposes π, b, b k , ∆ B (0), and ∆ B (T ) as functions of t, X (t), and Z (t).
Here we see that the optimal proportion invested in the risky asset is independent of the state of Z and equals the classical proportion in Merton's problem. As for the optimal dividends we see that both b j (t, x), b jk (t, x), and ∆ B (0) are linear functions of wealth as is consumption in Merton's problem with consumption, and ∆ B j (T ) empties the free reserves. However, the proportionality factors involve the weight functions in the artificial payment process A and the function f . We shall now derive a differential equation and a stochastic representation for f j (t). Inserting the optimal candidate in the Bellman system gives the partial differential equation for f j (t),
This system of differential equations has similarities with Thiele's differential equation, see Steffensen (2000b) . However, the quantity Q is not a risk sum in the same sense as in Thiele's differential equation. Nevertheless, it is possible to derive a stochastic representation formula for the solution to the differential equation. We shall realize that f can be written as a conditional expectation of the discounted artificial payment stream A under a very particular measure P * to be specified below, i.e.
where E * denotes expectation with respect to the measure P * . Define the likelihood processes L and the corresponding jump kernel by
Then we can change measure from P to P * by the definition L T = P * P , and it follows from Girsanov's theorems (see e.g. Björk (1994) ) that N k under P * admits the intensity process
We can finally write
This is precisely a version of Thiele's differential equation for a reserve defined by (6). The representation (6) allows us to interpret f as some kind of utility-adjusted value of the artificial payment stream A. The utility-adjusted value is taken to be a conditional expected value, under some kind of utility-adjusted measure, of discounted payments, under some kind of utility-adjusted discount factor. This leads to an interpretation of the optimal control. The optimal rate of dividends equals the rate of payments in A per utility-adjusted value of future payments in A times the free reserves. The optimal lump sum payments upon transition equals the transition payment in A per utility-adjusted value of future payments in A (including the transition payment itself) time the free reserves. The idea of this strategy is very easy to understand and implement in practice, e.g. for the examples of A described above in terms of the guaranteed payments.
Since the function f appears in the jump kernel g itself, the representation (6) can not be directly used as a constructional tool for determination of f . One would have to approach the differential equation (5) by numerical methods. We shall not pursue this further here.
However, in one special case we can directly get a step further, and we shall end this section by briefly mentioning that case.
The case of logarithmic utility can be obtained by letting γ = 0 above such that P * equals P . If e.g. dA (t) = e −rt dB + (t), (6) reduces to
which can be interpreted as the market value of future guaranteed benefits. This expected value has an explicit solution in terms of the transition probabilities of Z.
Utility Optimization of Bonus
Dividends are not always directly paid out to the policy holders in form of cash bonus. Often they are kept within the insurance company and traded into future bonus payments. In this section we consider an insurance company maximizing expected utility of bonus payments. Instead of measuring utility of dividends we measure utility of the bonus payments into which the dividends are traded. However, it is still the dividends that are to be decided by the insurance company. See Norberg (1999) and Steffensen (2000a) for a detailed study of the dividends and bonus.
We shall now introduce a payment process A which plays a somewhat different role in this section and in Section 6 than in Sections 3 and 4. The payment process is described by
In Sections 3 and 4 dealing with utility optimization of dividends, the coefficients of A only occur in the utility function as a specification of the preferences of the policy holder over time and events in the history of the policy. In this section dealing with utility optimization of dividends, A specifies the profile of the bonus payment in the following sense: When dividends are kept within the company, dividends are used as single premiums to buy amounts of the additional payment process A. We denote by K (t) the number of payment processes bought until time t. Over the time interval (t, t + dt], the dividend payment is given by d B (t) and the number of processes bought equals dK (t). Then, by defining
the equivalence principle for the insurance contract bought over (t, t + dt] gives the following relation between B and K,
Note that in opposition to the situation in Section 3 where B follows the stochastic differential equation (1), we impose no a priori structure of the dividend process B in the present section. The dividend payment d B (t) which pays for the future bonus payment process dK (t) A (τ ), t < τ ≤ T , is taken from the free reserves. However, the trade also triggers an immediate contribution to the free reserve. By defining
as the market value of the payment process A, the conversion of dividend payments into bonus payments under the first order basis contributes to the free reserves with
such that the net effect on the free reserves is
, which equals the market value of the bonus payment bought over (t, t + dt]. The insurance company is allowed to choose a portfolio-dividend process leading to a well-posed optimization problem below and a non-negative free reserve process. Such portfolio-dividend processes are said to belong to a set A. Then, given a portfolio-dividend process π, B , the dynamics of the free reserve is given by the following stochastic differential equation,
The policy holder will in addition to the guaranteed payment process receive the bonus payment process. The bonus payments over the time interval (t, t + dt] add up to a bonus payments process dynamics given by
Here one could still require dividends to be the benefit of the policy holder in the sense that d B (t) ≥ 0, t ≥ 0. However, alternatively one could require the bonus payments to be to the benefit of the policy holder in the sense that
Obvious examples of the payment process A are the same as in Section 3. Firstly, consider the construction dA (t) = d B (t) + . Then only the benefits are increased, and one could speak of "defined contributions with proportionally variable benefits" where "defined contributions" refer to the fact that premiums are not changed during the term of the policy. With this construction the requirement d B (t) ≥ 0 combined V Z(t) A (t) ≥ 0 would imply that K is increasing and, consequently, K (t−) dA (t) ≥ 0. In Figure 1 , positive dividends would lead to a proportional increase of disability annuity rate, death lump sum and pension lump sum.
Secondly, consider the construction dA (t) = − d B (t) − . Then only premiums are changed, and one could speak of "defined benefits with proportionally variable contributions" where "defined benefits" refer to the fact that benefits are not changed during the term of the policy. With this construction the requirement d B (t) ≥ 0 combined V Z(t) A (t) ≥ 0 would imply that K is decreasing and, consequently, K (t−) dA (t) ≥ 0. In Figure 1 , positive dividends would lead to a decreasing premium rate.
For the two suggested examples above we have that d B (t) ≥ 0 implies that K (t−) dA (t) ≥ 0. This relies on the monotonicity of A in both examples and does not hold in general. We leave it to the reader to think about alternative constructions like e.g. dA (t) = d B (t) and dA (t) = ∆ B Z(t) (t) dε T (t). We assume that the insurance company chooses a portfolio-dividend process to maximize time-additive power utility of the policy holder in the sense of the following optimization problem:
The optimization problem above distinguishes itself from the classical formulation in three important directions. Firstly, as in the case of utility optimization of dividends, we want take into account the special form of the bonus payment given in (8). For this we add up utility of payment rates and utility of lump sum payments. This leads to the stochastic integral in (9).
Secondly, as in the case of utility optimization of dividends, we take the process Z into account in the utility. We can then directly take power utility of the actual bonus payment rates and the lump sum bonus payments by the forms (10).
Thirdly, it should be emphasized that whereas utility is taken of the actual bonus payments, it is still the dividend payments that are to be decided. The dividend payments and the bonus payments are connected by the relations (7) and (8). This situation relates to the financial notion of durable goods. Durable goods mean that a consumption today leads to utility in the future. One then needs to specify how the utility of today's consumption is distributed over time. This is precisely the situation in case of utility of bonus. The dividend payment today leads to utility of bonus payments in the future. The way these bonus payments are distributed over time is specified by the payment function A. Utility optimization of durable goods has been studied by Hindi and Huang (1993) . The results in Hindi and Huang (1993) are not directly applicable because of the presence of Z in our situation. Nevertheless, we shall not go into technical details here but refer to Hindi and Huang (1993) for the ideas it takes to work out these details. In the next section, we shall refer to Hindi and Huang (1993) for explicit solutions in some special cases where the results of Hindi and Huang (1993) apply almost directly.
We define the optimal value function V by
The Bellman system for the optimal value function is now given by a variational inequality where one inequality contains an infimum over admissible investment control. It can be realized that for all j ∈ J ,
where one of the two inequalities is an equality and where
Although we skip the detailed derivation of the Bellman system by reference to Hindi and Huang (1993) , we come up with a heuristic argument for its construction. If B is not required to be absolutely continuous between the jumps of Z, then the Bellman system for the optimal value function is given as the infimum over admissible controls of partial differential equations for the optimal value function. It can be realized that for all j ∈ J ,
The infimum is searched for by differentiating with respect to b, and the problem here, in opposition to the situation in Section 3, is that the system is linear in b. Assume that V > 0 and V > 0. Then if
the coefficient in front of b is positive and infimum is obtained by putting b = 0. If
the coefficient in front of b is negative and infimum is obtained by putting b = ∞ until the inequality is an equality. This heuristic argument also indicates the optimal dividend policy. The insurance company should keep an eye on a certain surplus boundary which in general depends on (t, Z (t) , K (t)). If the surplus exceeds the boundary the company should immediately bring the surplus back to the boundary by paying out dividends. An intriguing fact about the optimal strategy is that this dividend payout should happen so fast that the surplus never becomes strictly larger than the boundary.
This leads to a combination of a so-called local time type of dividend payments in between the jumps of Z and jump dividend payments upon the jump of Z. Whenever the free reserve hits the surplus boundary which depends on the state of Z in between the jumps of Z, it takes a local time dividend payment to keep the surplus below the boundary. When Z jumps, the surplus boundary connected to the present state of Z may change such that the surplus, if not controlled, lies above the boundary. Then it takes a jump payment to bring the surplus immediately below the surplus boundary. Apart from the jump times of Z a jump payment may also take place at time 0. If the initial free reserve x 0 lies above the boundary corresponding to the initial state 0 of Z, the optimally controlled process should be brought to this boundary by a lump sum payment at time 0.
Explicit Results on Bonus Optimization
In general, one must approach the Bellman system by numerical methods. However, for the life annuity and for the term insurance which are insurances on infinite time horizon, explicit solutions can be obtained in case of constant mortality. In a survival model as illustrated in Figure 2 a life annuity is a rate of benefits b 0 > 0 until death whereas a term insurance is a lump sum benefit b 01 > 0 upon death. One nice thing about this situation is that the system reduces to one variational equality since the optimal value function after transition to the state "dead" becomes zero. Furthermore, due to the infinite time horizon and the constant mortality we get rid of the time dependence. 
In order to make the system look like the system in Hindi and Huang (1993) This system is equal to the system obtained in Hindi and Huang (1993) . We can therefore directly refer thereto for the derivation of the optimal strategy and just quote their result with our parameters. For the derivation, Hindi and Huang (1993) make the following assumptions µ > γ r + 1 2
(1 − γ) β > µ − r.
Given these assumptions the value function takes the form The optimal strategy is given by a constant investment in the risky asset similar to the classical solution but with γ replaced by the constant c given above by the model parameters, i.e. π = 1 1 − c λ σ .
As for optimal dividend payments, these should keep the surplus below the boundary
For a term insurance, the Bellman system reduces to
In order to make the system look like the system in Hindi and Huang (1993) , we change the variable υ = µ 1 γ ak, such that the system can be written as above with
Given this β, the optimal value function, optimal investment and optimal dividend strategy are as given in the life annuity case.
